Abstract. We consider observational manifestations of accelerated expansion of the Universe, in particular, recent data for type Ia supernovae, baryon acoustic oscillations and for the Hubble parameter H(z) depending on redshift. We compare two models describing the mentioned observations: the ΛCDM model and the multidimensional model of I. Pahwa, D. Choudhury and T.R. Seshadri. For these models we calculate χ 2 functions for all measured effects, estimate optimal values of model parameters and their permissible errors.
Introduction
The accelerated expansion of our Universe is the most important discovery of last 20 years in astrophysics and explanation of this acceleration is the most urgent problem in modern cosmology. The first evidence of accelerated expansion resulted from Type Ia supernovae observations [1, 2] .
Supernovae are stars which catastrophically explode with giant energy release and creation the expanding shell (the supernova remnant). All supernovae are divided into Type I with hydrogen-deficient optical spectrum and Type II with bright spectral hydrogen lines. The subdivision Type Ia in Type I is characterized by strong absorption near the silicon line 615 nm. Type Ia supernovae are believed to result from the thermonuclear ignition and disruption of carbon-oxygen white dwarfs while Type II come from core collapse of supergiant stars [3] .
The peak luminosity of the supernova is up to 10 8 times brighter than before explosion, time dependence of the star's brightness (the light curve) gives possibility to estimate its absolute luminosity and to attribute this supernova to some class [3] . Type Ia supernovae have rather small dispersion among their peak absolute magnitudes, for these objects we can independently measure redshifts z and luminosity distances D L , so Type Ia supernovae play a role of standard candles in the Universe.
Further observations of supernovae [4, 5] , cosmic microwave background anisotropy [6] , baryon acoustic oscillations [5, 7] and other observations [5, 6, 8] confirmed accelerated growth of the cosmological scale factor a(t) at late stage of its evolution.
Baryon acoustic oscillations (BAO) are connected with propagation of acoustic waves in the relativistic plasma before the recombination epoch [5, 7] . These waves involved baryons coupled with photons up to the end of the drag era corresponding to z d ≃ 1059.3 [8] , then baryons became decoupled, the sound speed was abruptly decreased and the wave propagation was ended.
This effect may be observed as disturbances in the cosmic microwave angular power spectrum or as a peak in the correlation function of the galaxy distribution at the comoving sound horizon scale r s (z d ) [7, 8] . Observations of the BAO effect result in various manifestations [7] - [26] , in particular, in estimations of the Hubble parameter H(z) for different redshifts z [15] - [26] (details are in Sect. 2).
The mentioned recent observations of Type Ia supernovae, BAO effect and H(z) estimates give stringent restrictions on possible cosmological theories and models. To satisfy these observational restrictions all models are to describe accelerated expansion of the Universe with definite parameters [27, 28] .
The standard Einstein theory of gravitation predicts expansion of the Universe with deceleration corresponding a ′′ (t) < 0. So to explain observed accelerated expansion, we are to modify the Einstein gravity. A lot of such modifications and alternative cosmological models have been suggested [27, 28] . The most simple modification is to use a Λ term (dark energy) resulting in cosmological solutions with acceleration. The corresponding model with cold dark matter in addition to deficient visible matter is now the most popular ΛCDM cosmological model (the Λ term with cold dark matter) [27] . This model with appropriate parameters [5, 6, 8] successfully describes practically all observational data, in Sect. 3 we apply this model to describe the updated recent observations of Type Ia supernovae, BAO effects and H(z) estimates.
One should note that there are some problems in the ΛCDM model, in particular, ambiguous nature of dark matter and dark energy, the problem of fine tuning for the observed value of Λ and the coincidence problem for surprising proximity Ω Λ and Ω m nowadays [27, 28] .
Therefore cosmologists suggested many alternative models with nontrivial equations of state, with f (R) Lagrangian, scalar fields, additional space dimensions and many others [27, 28, 29] . In particular, in Sect. 4 of this paper we consider in detail the multidimensional gravitational model of I. Pahwa, D. Choudhury and T.R. Seshadri [30] and the modified variant of this model [31, 32] . We compare predictions of these models and the ΛCDM model in describing recent data for Type Ia supernovae, BAO, H(z) updated with respect to Ref. [32] . 
Observational data
The latest observational data on Type Ia supernovae were collected in the paper (and in the site) [4] after the Union2.1 satellite investigation. This data is the table including redshifts z = z i and distance moduli µ i with errors σ i for N S = 580 supernovae. The distance modulus µ i = µ(D L ) = 5 log 10 D L /10pc is logarithm of the luminosity distance [8, 27] :
Here
redshift z and the Hubble parameter H(z) are connected with the scale factor a(t):
k is the sign of curvature,
) is its present time fraction, a 0 ≡ a(t 0 ) and H 0 ≡ H(t 0 ) are the current values of a and H.
We use the luminosity distance (1) and H(z) to calculate the distance [6, 7, 8 ]
and two measured values
which are usually considered as observational manifestations of baryon acoustic oscillations (BAO) [7, 6] .
Here Ω m = 8 3
is is the present time fraction of matter with density ρ. The value r s (z d ) in Eq. (4) is sound horizon size at the end of the drag era z d ≃ 1059.3 [8] . Below we use
that is the arithmetic average of the following recent estimations: r s (z d ) = 147.4 [26] , 147.49 [8, 25] , 148.2 [14] , 153.19 [23] , 153.3 [11] , 153.5 [10] .
In this paper we consider 14 data points for d z (z) (7 recent points in addition to 7 ones in Ref. [32] ) and 7 data points for A(z) presented in the following table: (4) . Then we are to compare these theoretical values with the observational data z i and µ i from the table [4] or with d z (z i ) and A(z i ) from Table 1 .
For this purpose and also for achievement a good fit between theoretical predictions and the observed data we use the χ 2 function, in particular, for the Type Ia supernovae data [4] in the form
We search minimum of χ 2 in the space of model parameters p 1 , p 2 , . . . or the maximum of the corresponding likelihood function L S (p 1 , p 2 , . . . ) = exp(−χ 2 S /2). Measurements of d z (z) and A(z) from Ref. [11] in Table 1 are not independent (unlike the mentioned supernovae data). So the χ 2 function for the values (4) is
The elements of covariance matrices C These values H(z) were calculated with evaluation of the age difference for galaxies with close redshifts via the formula
[15] - [21] or from BAO analysis [22] - [26] . 
ΛCDM model
For the ΛCDM model the Einstein equations
determine dynamics of the Universe. Here
Rδ µ ν is the Einstein tensor,
is the energy momentum tensor. In this model baryonic and dark matter may be considered as one component of dust-like matter with density ρ = ρ b + ρ dm , so we suppose p = 0 in Eq. (9) . The fraction of relativistic matter (radiation and neutrinos) is close to zero for observable values z ≤ 2.36.
For the Robertson-Walker metric with the curvature sign k
the Einstein equations (8) are reduced to the system
Eq. (12) results from the continuity condition T = Ω m a a 0
Here the present time fractions of matter, dark energy (Λ term) and curvature
,
are connected by the equality
resulting from Eq. (13) if we fix t = t 0 . We solve the equation (13) with the natural initial condition at the present time a(t 0 ) = a 0 and three fixed model parameters H 0 , Ω m and Ω Λ . As the result we calculate the values a(t)/a 0 , H(t), H(z), and also D L (z) (1), d z (z) and A(z) (4).
Further we compare them with the observational data from Ref. [4] and Tables 1,  2 with the help of the χ 2 functions (6), (7) and their analog
Here N H = 34 for all data points in Table 2 .
If we introduce dimensionless time τ and logarithm of the scale factor [30, 31] 
equation (13) will take the form
more convenient for numerical solving with the initial condition A τ =1 = 0. Here and below the present time t = t 0 corresponds to τ = 1.
To describe the considered observational data we use the mentioned three independent parameters H 0 , Ω m and Ω Λ in Eq. (13) of the ΛCDM model. The curvature fraction Ω k is expressed from Eq. (15). The Hubble constant H 0 is the very important parameter in all cosmological models, but different approaches result in wide spread of its estimations. In particular, the satellite projects Planck Collaboration (Planck) [8] , Wilkinson Microwave Anisotropy Probe (WMAP) [6] and Hubble Space Telescope (HST) [33] give the following values (in km c −1 Mpc −1 ): [8] , 69.7 ± 2.4 (WMAP) [6] , 73.8 ± 2.4 (HST) [33] . (18) The best fits for parameters H 0 , Ω m and Ω Λ of the ΛCDM model was calculated in many papers, in particular, in Refs. [6, 8, 34, 35, 36, 37] for describing the Type Ia supernovae, H(z) and BAO data in various combinations. The authors [36, 37] compared the ΛCDM model with the XCDM and φCDM models. They fixed two values of the Hubble constant H 0 = 68 ± 2.8 and H 0 = 73.8 ± 2.4 km c −1 Mpc −1 [33] and searched optimal choice of other model parameters. But they did not estimated the segment between these two values of H 0 . The authors [35] compared 8 models with two information criteria including minimal χ 2 and the number of model parameters. They calculated optimal values of these parameters with the exception of H 0 , though H 0 is the important parameter for all 8 models.
In this paper we study in detail the dependence of the χ 2 minimal value on H 0 . This dependence is very important if we compare different cosmological models.
We present the results of calculations as level lines for the function χ 2 (p 1 , p 2 ) in a plane of two parameters, for example, χ 2 (Ω m , Ω Λ ), if H 0 is fixed (see Fig. 1 ). In accordance with usual approach [6, 8, 34, 35, 36, 37] we draw level lines for χ
In Fig. 1 (6), (7), (16) (the top panels in Fig. 1 ) and their sum
(the second row of panels) as functions of two remaining parameters Ω m and Ω Λ .
In the right third panel we fix the optimal value Ω Λ = 0.769 and draw level lines for χ In these panels of Fig. 1 the points of minima are marked in as hexagrams for Table 3 that the dependence of min χ 
For H 0 = 67.3 and 73.8 km c −1 Mpc −1 the optimal values of parameters Ω m , Ω Λ , Ω k in Table 3 are far from restrictions (21) even on 3σ level.
At the right hand side of Table 3 we tabulate the same estimations of min χ
Σ
Minimal and optimal values Ω i for the reduced data set satisfying the condition z < 2.3. For these calculations we exclude the data points from Refs. [20, 25, 26] from Tables 1 and 2 . 
In this paper we divide matter in two components following Ref. [32] : the "usual" or "baryonic" component with density ρ b and p b = 0 (it may include a part of cold dark matter) and the "exotic" component with ρ e and pressure p e in extra dimensions. The "exotic" matter plays roles of both dark matter and dark energy. For the spacetime with 1 + 3 + d dimensions the metric [30] 
includes two Robertson-Walker terms with two scale factors a(t), b(t) and two curvature signs k, k 2 for usual in extra dimensions correspondingly. The main advantage of this model is the natural dynamical compactification for cosmological solutions [31] , in other words, the scale factor a(t) grows while b(t) rapidly diminishes. We suppose that the value b(t) is small enough at present time.
Dynamics of the models [30, 31] results from the Einstein equations (9) with Λ = 0 and the energy momentum tensor (22) . If we use the dimensionless notations (17) and
(where b 0 = b(t 0 )) equations (9) for k 2 = 0 and d > 1 will take the form [32] :
In the important case d = 1 (omitted in Ref. [30] ) we use the equation [31] 
instead of Eq. (27) . The power law dependence (22) takes the formp e = −B/ρ α e . Initial conditions for the system (25) - (27) at the present time τ = 1 (corresponding to t = t 0 ) arē
They result from definitions (14), (17), (24) and
For the model PCS [30, 31] we have the analog of Eq. (15)
resulting from Eqs. (27) or (28) at τ = 1.
is the contribution from d extra dimensions.
If we solve numerically the system (25) - (28) with given initial conditions (29), we obtain functions a(τ ), b(τ ), ρ(τ ), describing this cosmological solution. These solutions with optimal parameters from Table 4 for the PCS model with d = 1 and d = 2 (in comparison with the ΛCDM model) are shown in Fig. 2 .
Cosmological solutions in the PCS model are divided into two classes [31] : regular solutions describe the standard Big Bang with the scale factor a starting from a = 0 (this point corresponds to infinite values of b and ρ), singular solutions start from nonzero a, corresponding to ρ → ∞ and b = 0. So singular solutions are not physical. Table 4 (the regular solution with these optimal parameters is shown as the solid red lines), other values are the same.
On can see in Fig. 2 that predictions of the PCS model with d = 1 (solid red lines) and with d = 2 (blue dash-and-dot lines) with parameters from Table 4 (all data) are very close to the black dashed curves, corresponding to the ΛCDM model with parameters (20) .
The PCS model has the set of model parameters H 0 , Ω b , Ω m , Ω k , α, B, but also it has the additional integer-valued parameter d (the number of extra dimensions). Our calculations of optimal parameters in Table 4 demonstrate that the value d = 1 is the most preferable for describing the observational data for supernovae, BAO and H(z). So it is the case d = 1 that we present in detail in Fig. 3 .
The parameter Ω b in this model may include not only the visible baryon fraction, but also a part of dark matter. In 3 bottom-right panels of Fig. 3 we investigate influence of Ω b on the model behavior, in particular, the dependence of minimum min χ 2 Σ (over all other parameters) on Ω b . The blue solid curve corresponds to all data from Tables 1, 2 , the red dash-and-dot line describes only data with z ≤ 2.3. As one can see, min χ 2 Σ increases when Ω b grows, but this dependence is rather weak for small Ω b . So for the multidimensional model PCS we fix Ω b = 0.047 that is the simple average of the WMAP Ω b = 0.0464 [6] and Planck Ω b = 0.0485 [8] estimations. The value Ω b = 0.047 is fixed in all panels of Fig. 3 (except for the mentioned 3 bottom-right panel) and really we use only 5 remaining parameters
For level lines of χ 2 Σ and other χ 2 in the top and right panels of Fig. 3 we use the same notations as in Fig. 1 . We draw these lines for H 0 = 67. 3, 73.8 (18) and the optimal value H 0 = 69.45 km c −1 Mpc −1 in the α, B plane and also level lines of χ 2 Σ for the optimal values of parameters (see Table 4 In 6 top-left panels of Fig. 3 we draw thin purple lines dividing domain of regular solutions on the α, B plane (below these lines) and the upper domain (for larger B) of singular solutions. The singular solutions have singularities in the past with ρ → ∞ corresponding to a = 0 [31] , so they are nonphysical and should be excluded. Note that the optimal solutions in Table 4 Table 4 ).
One may conclude that the results for the PCS model are worse than for the ΛCDM, but this conclusion depends on a data selection. In particular, any comparison of these models is very sensitive to BAO and H(z) data with high z (z > 2). If we exclude 3 data points [20, 25, 26] for H(z) with z > 2 and the corresponding point d z (z = 2.34) = 0.032 [26] from Table 1 , we obtain other values presented at the right side of Table 3 and in Table 4 . We see that under the data restriction z < 2.3 the PCS model yields better fit than the ΛCDM.
In Fig. 3 all presented level lines and graphs correspond to all data with N H = 34 with only exceptions for dependencies of min χ Table 4 . Table 4 : Optimal values of model parameters for the PCS model [30] , Ω b = 0.047. 
Conclusion
In this paper we used the ΛCDM and the multidimensional PCS model [30] for describing the observational data for type Ia supernovae [4] , BAO (Table 1) and H(z) ( Table 2 ). Here we included 14 BAO data points in Table 1 (in comparison with 7 data points in our previous investigation [32] ).
When we calculated how absolute minimum (over other parameters) min χ 2 Σ (p) depend on a fixed parameter p (see Figs. 1, 3) , we obtained the following 1σ estimates for parameters of the ΛCDM and PCS (d = 1) models: Our estimates for the ΛCDM are in agreement with the WMAP observational restrictions (21) on Ω m , Ω Λ , Ω k [6] , but they are in tension with the Planck data [8] (because of too low value H 0 = 67.3 km c −1 Mpc −1 in the Planck survey [8] ). On the expanded data base we confirmed the main conclusion of Ref. [32] : the ΛCDM model is the most effective in describing the mentioned observational data for type Ia supernovae, BAO and H(z) if this data includes the estimations [20, 25, 26] of H(z) and d z (z) for z ≥ 2.3. In this case the minimal value min χ On another hand, if we exclude the mentioned 4 data points with z ≥ 2.3 [20, 25, 26] we shall obtain the minimum min χ 2 Σ = 591.41 for the PCS model less than the value 592.42 for the ΛCDM and the model PCS [30] describes the reduced set of data with z < 2 better than the ΛCDM. The best fit is for d = 1, the optimal value of H 0 ≃ 69.86 km c −1 Mpc −1 . So the final conclusion about the effectiveness of the PCS model [30] depends on data selection and on possible model dependence of observational data, in particular, data for z ≥ 2.3 from Refs. [20, 25, 26] .
.
